The exact nature of the QCD phase transition has still not been determined conclusively, and there are contradictory results from lattice QCD simulations about the scaling behavior for two quark flavors. Ultimately, this issue can be resolved only by a careful scaling and finite-size scaling analysis of the lattice results. We use a renormalization group approach to obtain finite-size scaling functions for the O(4)-model, which are relevant for this analysis. Our results are applicable to Lattice QCD studies of the QCD phase boundary.
I. INTRODUCTION
Quantum Chromodynamics (QCD) at finite temperature and density is currently actively researched both on the experimental and the theoretical side. The equation of state of QCD and, in particular, the nature of the phase transition from the strongly interacting hadronic phase to the strongly interacting quark-gluon plasma phase is of great importance for a better understanding of the experimental data [1] .
In QCD, two phase transitions take place at finite temperature and density: a deconfinement phase transition dominated by the gauge fields and a chiral phase transition driven by the interplay between quark and gauge-field degrees of freedom. The deconfinement transition in pure SU(3) gauge theory is of first order, but becomes a crossover in the presence of dynamical quarks. The nature of the chiral phase transition, in turn, depends on the number of quark flavors, the strength of the explicit chiral symmetry breaking, and the strength of the chiral anomaly [2, 3] . Whether the chiral and the deconfinement phase transition coincide is still under investigation. Assuming that the effects of the anomaly at the chiral phase boundary are small, one expects a second order phase transition for two quark flavors arXiv:0810.0857v2 [hep-ph] 12 Aug 2009 in the chiral limit and that QCD falls into the O(4) universality class [2] . In this case the phase transition in QCD would be dominated by the restoration of chiral symmetry. With explicit symmetry breaking, the order of the phase transition changes instantaneously from second order to a crossover. If the strength of the chiral anomaly is large, however, for two massless quark flavors one expects that the transition is of first order [2, 3] .
For studying full QCD, lattice simulations are currently the most powerful tool. However, the determination of the nature of the chiral phase transition still remains a difficult task, since such simulations are necessarily performed in finite volumes and the implementation of chiral fermions is difficult. While there is much evidence that QCD with two flavors falls into the O(4) universality class [4] , results obtained with two dynamical flavors of staggered fermions do not exhibit the expected scaling behavior [5, 6, 7] or suggest a firstorder transition [8, 9] .
The finite simulation volume of lattice simulations poses in particular a problem for the investigation of phase transitions. Since phase transitions occur strictly speaking only in the infinite-volume limit and a continuous symmetry cannot be spontaneously broken in a finite volume, the introduction of explicit symmetry breaking in the form of a finite current quark mass term is mandatory. This makes it difficult to determine the nature of the chiral phase transition from lattice QCD results. An important tool for the analysis of lattice QCD data is the investigation of the finite-size scaling behavior. The underlying universality class determines the scaling behavior of e.g. the order parameter characterizing the transition and the corresponding susceptibility. If universal behavior obtains, results are expected to fall onto universal scaling curves, characterized by critical exponents and scaling functions of the underlying universality class. Thus the order of the phase transition and its universality class can be established by a comparison with the known critical exponents and the known scaling behavior. From such an analysis, there is indeed evidence of O(4) scaling for QCD with Wilson fermions [10, 11, 12, 13] , however, the expected scaling behavior has not been seen with staggered fermions [5, 6, 7] . Results with a modified QCD action with two flavors of staggered fermions suggest that current simulation volumes might be actually outside the finite-size scaling region [14] . This result underlines the importance of a finite-volume scaling analysis of O(N ) models.
So far, scaling and finite-size scaling functions have been determined mainly from lattice simulations of O(N ) spin models [15, 16, 17] . These results have already been used in the scaling analysis of Lattice QCD results [7, 11, 12, 15, 18] . In this paper, we provide the technical framework for finite-size scaling studies with the functional renormalization group (RG) and compute the finite-size scaling functions for the linear O(4) model. Our RG approach complements the one taken in O(N ) lattice simulations. It is computationally efficient and allows us to study scaling over a wide range of volume sizes and values of the external symmetry breaking field, which is usually associated with an external magnetic field in spin models or, in the case of QCD, with the current quark mass. The results are directly applicable to a comparison with Lattice QCD data [19] . Making use of universality arguments, our approach enables us to study the scaling of the order parameter and the associated susceptibilities at the phase boundary where the fermions are assumed to have decoupled from the critical fluctuations. While the approach in the present paper cannot be used to study the onset of chiral symmetry breaking in terms of quark-gluon dynamics [20, 21, 22] , it still provides important information for an analysis of Lattice QCD data which helps to shed light on the ongoing discussion about the nature of the QCD phase transition.
The paper is organized as follows: In Sect. II, we present the setup of our RG formalism.
In Sects. III and IV, we discuss general aspects of finite-volume and finite-size scaling in quantum field theories. Our results are then presented in Sec. V. Concluding remarks and future plans are given in Sect. VI.
II. RENORMALIZATION GROUP APPROACH FOR FINITE VOLUME

STUDIES
In this section we discuss our Renormalization Group approach to studying finite-volume scaling. In the first part of this section, we briefly discuss the derivation of the flow equations for the O(4)-potential in infinite volume. A detailed discussion of the derivation and the underlying approximations can be found in Ref. [23] . In the second part of this section we generalize our flow equations to finite-volume and recapitulate some earlier results [24, 25, 26] .
A. Infinite volume
The effective action of the O(4) model in d = 3 spatial dimensions is given by
where φ T = (σ, π). The potential U (σ, π 2 ) depends on σ and π 2 separately, since the presence of a non-vanishing external source term (−Hσ) in the ansatz for the effective action is indispensable for a study of phase transitions in finite volume. We study the O(4) model in the so-called local potential approximation (LPA), where we neglect a possible space dependence of the expectation value φ and take the wave-function renormalization Z φ to be constant, Z φ = 1. Since the anomalous dimension associated with Z φ is small compared to one, see e. g. Ref.
[27], our approximation, in which the running of the wavefunction renormalization is neglected, is well justified for a first study of finite-size scaling.
The components of the vector φ are labeled according the role the corresponding fields are playing in the spontaneously broken regime,
. We choose the first component to be the radial mode in the regime where the ground state of the theory is not symmetric under O(4) transformations:
The RG flow equation for the effective action according to C. Wetterich [28] reads:
where the dimensionless flow variable t is given by t = ln(k/Λ) and Λ denotes a UV cutoff at which all couplings are initially specified. The regulator function R k specifies the details of the Wilsonian momentum-shell integrations and has to satisfy certain constraints [28] .
Since the choice of the regulator function is at our disposal, we can use it to optimize the RG flow [29, 30, 31, 32] . In the following, we employ the optimized regulator function [31] 
We then find for the flow equation for the effective potentials [31, 33] : the scale-dependent quantities. The quantities M σ and M π are the eigenvalues of the the second-derivative matrix of the potential. Note that these quantities still depend on the background fields σ and π 2 .
In Refs. [24, 25, 26] , the proper-time Renormalizaton Group (PTRG) has been used to study finite-volume effects in a quark-meson model. Within the PTRG framework, the RG flow equations for the potential can be derived straighfowardly by inserting a cutoff function into the Laplace-transform of the one-loop effective action [23, 31, 33, 34, 35, 36] . Although the PTRG framework does not, in general, yield exact RG flow equations [33, 37] , the PTRG cutoff function can be chosen such that the resulting flow equations for the effective potential in LPA are identical to Eq. (5), which was found in Refs. [31, 33] .
For studying scaling behavior it is convenient to deal with dimensionless quantities rather than dimensionful quantities. Therefore we introduce the dimensionless potential u, the dimensionless masses m σ and m π , as well as the dimensionless field-vector ϕ by
Applying these definitions to the flow equation (5), we obtain
Integrating the flow equation from the UV scale Λ to k → 0, we obtain an effective potential in which quantum corrections from all scales have been systematically included.
Since we are eventually interested in phase transitions in finite volume we need a linear term with a source term H in the ansatz for the effective action, which corresponds to an external magnetic field in a spin model. In order to solve the RG flow for the effective potential U (or u), we expand the potential in local n-point couplings around its minimum
where H is the fixed, external symmetry-breaking field and all other couplings and the minimum are scale-dependent. Since we have absorbed the symmetry-breaking linear term into the ansatz for the potential, U k depends on the fields σ and π separately. The condition
ensures that we are expanding around the actual physical minimum. From Eq. (9), we find that the RG flow of the coupling a 1 (k) and the minimum σ 0 (k) are related by the condition
This condition keeps the minimum at (σ, π) = (σ 0 (k), 0). The flow equation of the minimum σ 0 (k) is thus related to the flow of the coupling a 1 (k) in a simple way.
The RG flow equations for the couplings a i (k) can now be obtained straightforwardly by expanding the flow equation (5) around the minimum σ 0 (k) and then projecting it onto the derivative of the ansatz (8) with respect to k. This procedure results in an infinite set of flow equations for the couplings a i (k). In order to solve the set of equations for the couplings, we have to truncate our ansatz (8) for the potential. In the following, we include fluctuations around the minimum up to eighth order in the fields, i. e. we keep track of the running of the couplings a 1 , a 2 , a 3 and a 4 . The resulting finite set of coupled first-order differential equations is then solved numerically. From investigations of the convergence behavior [27, 38] , we expect that such a truncation is sufficient for our purpose. Below we confirm explicitly that the scaling functions for the couplings of interest (σ 0 and a 2 ) satisfy the expected scaling relations, which is strong evidence that the expansion has converged sufficiently and the truncation at this order is justified.
B. Finite volume
Now we generalize the RG flow equations in the first part of this section to a finite d = 3
dimensional Euclidean volume. This is done by replacing the integrals over the momenta in the evaluation of the trace in Eq. (3) by a sum
We only consider isotropic volumes, but the approach is not limited to these. Anisotropic
Euclidean volumes have been used in a study of the quark-meson model in d = 4 dimensions, see Ref. [26] . The boundary conditions in the Euclidean time direction are fixed by the statistics of the fields, i. e. we must choose periodic boundary conditions in this direction.
In the present case, there are only three spatial dimensions. In order to be able to compare our results with Lattice simulations of O(N )-models, we choose periodic boundary conditions in these spatial dimensions. Thus the 3-momenta are discretized as follows:
where n i ∈ Z 0 for i = 1, 2, 3. The flow equation for the effective potential u can now be derived straightforwardly. From the flow equation (3) together with the regulator function (4), we obtain
where we introduced the finite-volume threshold functions
The sum counts the number of lattice nodes located in a three-dimensional ball with radius
. In the limit x → ∞ (i. e. L → ∞), the sum can be written as an integral, which yields the well-known threshold functions in three dimensions [31] :
In the preceding part of this section, we have pointed out that a PTRG cutoff function can be chosen such that the resulting PTRG flow equations are identical to those obtained from the flow equation (3) when the optimized regulator (4) is employed. Although this correspondence is true for infinite volume, this is not the case for finite volume. In the following, we use the same PTRG cutoff function as in the derivation of the flow equation (7) in infinite volume. The flow equation can be derived along the same lines as in Refs. [26, 39] and we find
For convenience, we have introduced the (dimensionless) threshold-function
where ϑ p is the Jacobi-Elliptic-Theta function defined by (18) and then perform the integration over s in Eq. (17), we do indeed recover the flow equation (7) for infinite volume.
On the one hand, physical quantities should not depend on the choice of the regularization scheme in the limit k → 0. One the other hand, investigating the regulator dependence of the results in this limit allows us to check their quality in a particular truncation. In this paper, we exploit the difference between the results obtained from Eq. (13) and Eq. (16) in order to obtain a theoretical error estimate for our results. In addition, in both schemes the restriction to the local potential approximation introduces an additional systematic error.
III. FINITE-SIZE SCALING
Critical behavior in the vicinity of a critical point is governed by the presence of long-range correlations. A finite volume V = L d affects the critical scaling behavior if the volume size L becomes comparable to the correlation length ξ. According to Fisher's finite-size scaling hypothesis [40] , observables in the finite-volume system and the infinite-volume system are then related by a function that depends only on the ratio of the infinite-volume correlation length ξ(t, h, L → ∞) and the linear volume size L.
We use the customary notation and denote the reduced temperature by t = . The values for T c and the non-universal normalization constants T 0 and H 0 which we determined for our parameter choices are given in Tab. I. For completeness, we include the values of the critical exponents used in the evaluation in Tab. II. For a discussion, we refer the reader to
Ref. [23] .
A. Finite-size scaling functions
Applying the scaling hypothesis for example to the order parameter M , the ratio of its values in finite and infinite volume is given by [40] 
An RG analysis tells us how the couplings t and h have to be changed in order to keep the system invariant under a change of the length scale. If the volume is finite in all dimensions, the same critical exponents as for infinite volume govern the scaling behavior. Since the correlation length behaves as ξ ∼ t −ν in the absence of the field h, keeping the ratio of correlation length ξ to system size L constant requires to hold tL 1/ν = const. Likewise at the critical temperature t = 0, we need to keep the combination hL βδ/ν = const. in order to preserve the ratio of correlation length and system size.
This completely specifies the behavior of thermodynamic observables in the vicinity of the critical point in a finite volume system, apart from possible scaling corrections. For example, the order parameter M (t, h, L) as a function of temperature t, external symmetry-breaking field h and volume size is expected to behave as [40] 
where ω is the critical exponent associated with the first irrelevant operator in the vicinity of the critical point. The additional terms spoil the finite-size scaling behavior for small volume size. They need to be accounted for explicitly and removed to isolate the universal finite-size scaling function.
In general, the finite-size scaled order parameter 
. This accounts for the usual critical scaling behavior in infinite volume. We keep the value of z fixed and use the finite-size scaling variablē
to parametrize the finite-size scaling behavior. The scaling variableh is not dimensionless but retains an explicit scale dependence through the length scale L. While we have not done so in the present analysis, it is possible to remove this explicit non-universal scale as well:
Using the correlation length ξ as the natural length scale, we can form the dimensionless, universal combination
which still depends explicitly on t, h (and L). This relation can be used to identify a unique length scale by considering the limit L → ∞ and h → 0. In this limit, the correlation length behaves according to
The non-universal normalization constant C 0 has the dimension of an inverse length scale and plays the same role for the "coupling" L as the constants T 0 and H 0 do for the couplings
T and H. Using this constant, the universal dimensionless combination
where = C 0 L is the dimensionless length required for a truly universal description of the finite-size scaling behavior. With our choice of parameters for a UV cutoff scale Λ = 1 GeV, we find C 0 = 2.393(2) MeV, corresponding to a length scale
We stress that all explicitely given length scales must be normalized with this factor for a completely scale-independent comparison.
In the following part of this section we review some properties of the finite-size scaling functions and make contact with the scaling results in infinite volume
Provided the finite-volume corrections can be neglected or removed, the finite-size scaled order parameter is given by the universal finite-size scaling function
where the scaling variable z is used to parameterize the dependence on the temperature t.
For large volumes, the order parameter must asymptotically approach the infinite-volume
This dictates the behavior of the finite-size scaling function Q M (z, hL (βδ)/ν ) for large values of its second argument, hL (βδ)/ν . In order to recover the infinite-volume scaling law, the magnetization must behave as
Therefore we expect to find
for the scaling function. While this is a very useful check for the consistency of the finite- Recall that z = 0 means that we are sitting at the critical temperature whereas z = z p means that we are sitting at the peak value of the susceptibility.
Since the longitudinal susceptibility χ is given by the derivative of the order parameter with respect to the external symmetry-breaking field H, the infinite-volume scaling functions f (z) for the order parameter and f χ (z) for the susceptibility are related. In infinite volume, one finds the relationship
As in infinite volume, the finite-size scaling functions for the order parameter and for the susceptibility are related to each other: Taking the derivative of the finite-size scaled order parameter leads directly to the corresponding expression for the susceptibility. The finitesize scaling function Q M (z, hL βδ/ν ) depends on two variables z andh. Taking the derivative with respect to h, derivatives with respect to both variables appear, which we denote by
It is further useful to remember that
We obtain the finite-size scaling function for the susceptibility by taking the derivative of the finite-size scaling function for the order parameter:
Using the scaling relation γ = β(δ − 1), one finds that the finite-size scaled susceptibility is given by the scaling function
Since we determine the scaling functions for fixed values of z as a function of the finite-size scaling variable hL βδ/ν , we can test this relationship between the finite-size scaling functions most easily for the case z = 0, where the second term vanishes. Here we assume that the derivative of Q M with regard to z is bounded for z → 0, or that lim z→0 z Q
(1,0)
M (z,h) = 0, which is indeed the case in our results.
For large volumes, once again the finite-size scaling function must coincide with the scaling functions in infinite volume,
where we used the scaling relation β(δ − 1) = γ again. Consequently the scaling function must behave asymptotically for large values ofh as
where the scaling function f χ (z) and the normalization constant H 0 are known from the infinite-volume result.
The principal problem in comparing universal scaling functions to actual data is the determination of the non-universal normalization constants. The determination of these scales is essential for a comparison of the scale-free universal results, e. g. the constants in a Lattice QCD simulations are in general different from those in a lattice simulation of an O(4) spin model. But the determination from a limited data set is difficult, since such a set is often obtained in the presence of strong symmetry-breaking fields and in small volumes.
These may lead to non-universal scaling corrections where details of the short-range physics enter.
The most useful results are thus those that rely only on the long-range properties of the system in question. Dimensionless variables into which only the actual observables enter and for which any normalization with regard to short-range physics is unnecessary are actually the best candidates for a practical evaluation.
Considering the discussion of finite-size scaling above, the most natural variable for plotting finite-volume results is the ratio of the infinte-volume correlation length to the system
But the infinite-volume correlation length is itself not directly measurable either, so it is necessary to use the finite-volume correlation length, which can be measured in the finitevolume system.
Since the correlation length is an observable, we can apply the finite-size scaling analysis to the correlation length itself. According to the general scaling analysis, for any observable O, we have up to scaling corrections
where κ is the critical exponent associated with the operator O. In particular, we have κ = ν for the correlation length itself and the relation then becomes
Assuming the scaling function in this relationship can be inverted, we can express the ratio of the infinite-volume correlation length and the volume size as a function of the finite-volume correlation length and the volume size:
Substituting this relation into the scaling hypothesis Eq. (19), the scaling functions can be expressed as a function of the argument A different comparison scheme which also eliminates the need for additional normalization constants is based on the comparison of the system for two different volume sizes, L and sL with s ∈ R. This approach is widely used in condensed matter physics, see e.g. Refs. [41, 42, 43] . The most common choice for the volume ratio is s = 2.
Starting from the inverted scaling relation for the finite-volume correlation length Eq. (38), one observes that for a volume of size sL
Inserting this expression into the scaling relation Eq. (36) and forming the ratio for system sizes L and sL, one obtains Therefore corrections to the finite-size scaling behavior are already large for results from relatively large volumes, compared to the scales set by our choice of parameters. In order to have a sufficiently large set of results to extract the scaling behavior, we also take results with non-negligible scaling corrections into account.
As outlined above, including the first explicitly volume-dependent correction term, the order parameter can be expanded as
In order to extract the scaling functions for the order parameter, we start from the assumption that the deviation from the perfect scaling behavior contained in the scaling function
M in Eq. (41). We will confirm that this assumption is sufficiently well satisfied by our results.
We can remove the leading-order scaling function by comparing the rescaled order parameter for different volume size, but at the same value of the scaling variables z andh = hL βδ/ν .
This determines the coefficient function Q
M (z,h) of the non-universal correction term. For two different volume sizes L 1 and L 2 , we choose values for the external fields h 1 and h 2 such
Since the finite-size scaling function depends only on z andh, the universal term Q M (z,h) drops out in the difference of the two values and we are left with 
V. RESULTS AND DISCUSSION
In this section, we present the results from our investigation of the finite-size scaling behavior of the O(4) model in d = 3 dimensions and from our determination of the finite-size scaling functions. We start with a discussion of the finite-size scaling behavior of the order parameter, illustrate the extraction of the scaling functions, and propose a parameterization for these functions for the limits of small and large values of the scaling variableh. We continue with an analogous discussion of the finite-size scaling behavior of the susceptibility.
We finally show results for the finite-size scaling functions Q M (z,h) and Q χ (z,h) for a selected set of values for the scaling variable z as a function ofh and discuss effects of our approximation scheme. In the last part of this section, we briefly discuss the scaling functions as functions of the dimensionless correlation length ξ/L.
A. Finite-size scaling function for the order parameter
The behavior of the order parameter as a function of the external symmetry-breaking field h for different volume sizes is shown in the first panels of Fig. 1 for z = 0, i. e. at the critical temperature, and Fig. 2 for z = z p , i. e. at the peak value of the susceptibility. From an RG determination at the fixed point [33, 44, 45] we expect for the exponent ω associated with the corrections the value ω = 0.7338.
For z = 0, we find from a fit to our rescaled results for L = 10 fm to L = 100 fm for the order parameter in the finite-size scaling region withh ≤ 1.0 the value
which is compatible with the fixed-point determination. Since we fit to a numerical result that also includes contributions from additional irrelevant operators, our result for ω should be regarded as an effective value. Having established the consistency of the scaling corrections in our results with the RG prediction, we use in the following the more accurate value (44) for the evaluation. the value of h has to be increased too much in order to access the finite-size scaling region and scaling corrections become too large.
We have not found a global parameterization for the scaling function, but we find that for small values of hL βδ/ν our results are fitted well by the parameterization
Both the coefficient c(z) and the exponent τ (z) vary with z. The values we determined for the fitting parameters can be found in Tab. III and Tab. IV for |z| < 1.0 and |z| ≥ 1.0, respectively. We include in the tables the approximate values for hL βδ/ν below which the fit is applicable. For comparison to the actual scaling functions, we also show the fits in the first panels of the Figs. 3 and 4.
For large values of hL βδ/ν , the parameterization is constrained by the asymptotic behavior of the scaling functions for infinite volume:
We expect the exponent τ ∞ to be independent of z and to have the value τ ∞ = 1/δ = 0.2011 (1) [33, 44, 45] . As for the order parameter, we use the more accurate result (44) for all further evaluations.
The determination of the finite-size scaling function and the values included in the evaluation are the same as outlined above for the order parameter.
As for the order parameter, we have not found a satisfactory global parameterization for the scaling function Q χ (z,h). However, we are able to parameterize the functions for small and large values ofh separately.
For small values ofh, we find that the parameterization d(z) + c(z)(hL βδ/ν ) τ works sufficiently well in the range of z-values that we consider. The parameterization of the scaling function for the susceptibility is in principle constrained by that of the order parameter.
Because the exponent τ of the parameterization for the order parameter is close to one, τ −1 1, the leading term of the derivative of the scaling function Q M (z,h) with respect to h is approximately constant, which is consistent with the ansatz for the parameterization that we have chosen here for the susceptibility. Beyond that, the compatibility of the results for susceptibility and order parameter cannot be checked very well using this parameterization.
We will discuss this in more detail below and demonstrate for the special case z = 0 For large values of the scaling variable, the parameterization of the scaling function is once again constrained by the known behavior in the infinite-volume limit. We use the parameterization c ∞ (z)(hL βδ/ν ) τ∞ for large values ofh. We expect that the exponent is independent of z and takes the value τ ∞ = 1/δ − 1 = −0.7989(1) with our value for δ.
For the coefficient, we expect that it coincides with the infinite-volume scaling function for the susceptibility, c ∞ (z) = As discussed in Sec. III, the finite-size scaling functions Q M (z,h) and Q χ (z,h) of the order parameter and the susceptibility are connected, and in fact the scaling function for the susceptibility should be completely specified by the one for the order parameter. Due to the dependence of the fit parameters on the scaling variable z and the limited number of z-values for which we determined these parameters, we cannot test this relation in terms of the parameterization. In addition, because of the additional z-dependence we also cannot test the relation numerically for arbitrary value for z. However, as we have seen from symmetry breaking fields (mean-field limit), we find agreement of the results from both approaches again. Overall, we observe that the agreement is better for the order parameter than for the susceptibility, and we conclude that the truncation errors affect the higher-order couplings that enter into e.g. the susceptibility more strongly than the order parameter. The difference between the methods can be used to assess the truncation errors and provides a theoretical error estimate. 
The results for z = 0 and z = z p are shown in Fig. 8 . Since the susceptibility is bounded for a given volume, the correlation length is bounded as well, and we observe that this bound is approximately
Alternatively, one can also calculate the ratio of an observable for two different volume sizes L and sL, which differ by a fixed factor s, and plot the results as a function of the In particular for the correlation length, there is an additional check that helps us to evaluate the convergence behavior: As we have already noticed in the discussion of Fig. 8 , the correlation length is bounded by the volume size (at apparently ≈ 0.5L). For growing correlation length, the ratio ξ(2L)/ξ(L) in volume sizes 2L and L must eventually converge to ξ(2L)/ξ(L) = 2, and with increasing volume size, we observe exactly this convergence to the expected value.
We also observe that the shapes of the scaling functions for the ratios vary with the value Plotting the scaling function as a function of the dimensionless quantity ξ/L, we eliminate the need for the determination of an additional non-universal length normalization factor. We find that the finite-volume correlation length is bounded at approximately ξ/L ≈ 0.5.
of the scaling variable z, which could also conceivably help to distinguish between different universality classes. 
VI. CONCLUSIONS
Using functional RG methods, we have calculated the finite-size scaling functions for the O(4) model in three dimensions for a wide range of temperature, symmetry breaking and volume size. The behavior of the scaling functions allows us to identify two distinct regions:
for large values of the correlation length and small values of the finite-size scaling variable, finite-size effects are large, and the behavior of the observables is described by finite-size scaling. Above a certain value for the scaling variable, where the correlation length is sufficiently small, the results converge rapidly towards the infinite-volume behavior, and the scaling functions exhibit asymptotic behavior consistent with predictions from infinitevolume scaling.
We have expanded the effective action in terms of local interactions. As discussed in [23] , this introduces a systematic error into the values for all critical exponents used in the evaluation of the results. We have used two different RG schemes in our calculation in order to assess truncation effects on our results, which allows us to estimate a theoretical error.
In the infinite-volume limit, the results for both calculations coincide, which is also the case for very small volumes, where all fluctuations are cut off.
Deviations from the scaling behavior in our results can be understood by RG arguments as scaling corrections, and we have checked that the behavior is consistent with that predicted by the RG. We have removed these corrections, which appear primarily for very small volumes and very large values of the external symmetry-breaking fields, and extrapolated from our results to the universal finite-size scaling functions. We provide parameterizations for our scaling functions separately for the finite-size scaling region at small values of the scaling variables and for the asymptotic region at large values of the scaling variables.
For selected values of the infinite-volume scaling variable z, we have confirmed that the expected scaling relations between the scaling functions for the order parameter and the susceptibility hold for our results. We have also briefly presented some results for scaling functions in terms of dimensionless ratios of observables, as a function of the dimensionless correlation length ξ(L)/L, which allow direct comparisons of different systems in the same universality class without any need for additional normalization.
Our results are useful for a comparison to Lattice QCD simulations. In order to perform such a comparison for the scaling of the order parameter (or the susceptibility) to results for the chiral condensate (or the chiral susceptibility) from Lattice QCD as a function of the volume size, a determination of the proper normalization constants for the reduced temperature, the external symmetry breaking field and the correlation length for the QCD results is necessary. Once these constants are known, a direct comparison is possible. This will help to shed more light on the question whether the QCD phase transition falls into the O(4) universality class or not. Such a detailed comparison is work in progress [19] . In this respect, we would like to remark that our results at the present stage appear to suggest that -at least with regard to a finite-size scaling analysis -current Lattice QCD simulations might be in the asymptotic region, where the correlation length is much smaller than the lattice size and where large scaling effects cannot be observed. This is consistent with the observations previously made in [15] . For a meaningful scaling analysis of Lattice QCD results in terms of d = 3 universality classes, the correlation length ξ on the lattice has to be much larger than the length scale set by the inverse temperature. At the same time, it must be of the order of the spatial extension L for a finite-size scaling analysis. If these conditions cannot be satisfied simultaneously, then the universality class of the QCD phase transition cannot be determined from the comparison of Lattice QCD results to scaling behavior as it is observed in finite-volume d = 3 models. For details, see [23] . Additionally, we use here ξ(t, h = 0) = 
